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Summary 


In the generalized five-dimensional theory, developed by Kuiern, the coordi- 
nate system can be chosen so that the five components yoo, ymo of the funda- 
mental tensor y,, are independent of the fifth coordinate 2°. In the first part 
of this paper the rigorous field equations in such a coordinate system are 
derived, and the five-dimensional energy-momentum tensor is calculated. In 
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the second part the field equations obtained by linearization are examined, 
and it is shown that the equations then describe fields of spin 2. The quanti- 
zation of these fields is performed, and the interaction with spinor particles 
is taken into consideration. 


Introduction 


In the generalized five-dimensional relativity theory [1, 2], whose foundations 
have recently been the object of a revision by O. KueErn [3], there is intro- 
duced, together with four coordinates z!, x, x?, x*, describing the space-time 
continuum, a fifth coordinate 2°, conjugate to the electric charge. It is a 
characteristic feature of this generalized theory, that all field quantities have to 
be periodic functions of the fifth coordinate, which in this respect is distin- 
guished from the other coordinates. 

The five-dimensional world is described by the line element? 


do” = Yeod at da, 


and it is the ultimate purpose of the theory to solve the field equations de- 
termining the behaviour of the fundamental tensor y,,, which, due to the non- 
linearity of the equations, is, of course, an extremely complicated problem. 
The nearest task must be an attempt to push forward as long as possible 
against the solution, by methods, analogous to those used in the corresponding 
four-dimensional problems. 

The field equations for the generalized field are obtained from a variation 
principle in close analogy to the derivation of the equations describing the 
gravitational field in current four-dimensional theory. These five-dimensional 
field equations may be given in a form which facilitates their interpretation 
and their comparison with ordinary formulas, if the coordinate systems are 
specialized in such a manner that five of the fifteen components of the sym- 
metric fundamental tensor are independent of the fifth coordinate. The field 
equations thus obtained are derived explicitly in this paper through direct 
calculation of the components of the five-dimensional curvature tensor.” 

As an attempt to obtain further knowledge about the consequences of the 
five-dimensional field theory, Kurrn [2] examined the approximate equations 
obtained by linearization, in close correspondance to the treatment of gravita- 
tional waves performed by Ernstern [4] in the early days of general four- 
dimensional relativity theory. It was pointed out by KLEIN that the lineariza- 
tion leads to wave equations of the meson type, the generalized five-dimen- 
sional theory thus including charged fields, corresponding to particles of non- 
vanishing rest-mass, together with the gravitational and electro-magnetic fields. — 

This lmear approximation is more closely investigated in this paper, and it 
is shown that these wave equations describe particles of spin 2h, according to 
the theory of Frerz [5], the corresponding particles being therefore a sort of 
heavy charged gravitational quanta. If we go to the next approximation it is 
found, moreover, that the equations obtained describe particles of spin 2f in 
interaction with photons. 


* See Notations, p. 89. 
* The results of these calculations are found in §§ 5-8. 
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Matter is introduced into the theory as spinor particles of half integer spin}, 
described by means of a generalized Dirac wave equation analogous to that 
given for the behaviour of Dirac particles in gravitational fields [6-10]. It is 
shown that the interaction terms obtained in the linear approximation are 
essentially of the form known from the meson pair theories. 

In connection with this investigation the quantization of the free field of 
spm 2h is carried out explicitly by a direct calculation, which is shown to be 
equivalent with the general method indicated by Fierz. 

In publishing this thesis I wish to express my sincere gratitude to my teacher, 
Prof. O. Kiety, for the suggestion of the study of these problems and for his 
inspiting guidance throughout the course of the work. My thanks are also due 
to Dr. B. Bruno for much stimulating criticism and many valuable advices. 

Finally, I wish to acknowledge the financial assistance received from the 
Swedish Atomic Committee. 


Notations 
Greek indices u,v, 0,0,... are always? going from 0 to 4, Italics m, n, 
r,s,... from 1 to 4, and Latin indices m, n,1r,8,... from 1 to 3. Following 


the EINSTEIN summation convention, we are always summing over indices 
appearing twice in the same term. The tensor corresponding to the four-dimen- 
sional fundamental tensor gmn is denoted by y,,». Greek capitals A, M, P, O,... 
are used to indicate quantities in five-dimensional theory, which are built up 
in the same way as the corresponding four-dimensional quantities L, M, R, T,..., 
thus, e.g. P,, is the tensor obtained, if all quantities in the expression for 
the four-dimensional curvature tensor Ry» are replaced by their five-dimen- 
sional analogues. 

The absolute values of the determinants | y,,| and |gmn| are denoted by y 
and g respectively. The sign ~ indicates tensor densities, thus, e.g. A and L~ 
are the LaGraNnarAN densities AVy and LVg. For the volume element we in- 
troduce the abbreviations 


dv=da'd2'dz®, dv=daidaidazidzt, dd=dx dx dx’ da dz*. 


The constant / is defined by the relation 
(La) 


where K is NEwron’s gravitational constant, 


K = 6,7+-10% g* om? sec®, 


1 In this paper, the word “‘matter”’ is solely used in this sense. 
2 In the study of the linear approximation, the coordinate 2° is replaced by another coor- 


dinate «* defined- by 2° = 2° Va; da, being a large constant. Greek indices are then going 
from I to 5. 
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which gives 
B = 2.0- 1074 cm? g—? sec (dyn). (1b) 


The five-dimensional three-index symbols are denoted by 1%, and Po ae 


OYno , OYra Ou» 
= aj0'O =1l1 o ? 2 
vee 7° Don» = $Y" (= ssf 0 xl! 0x? (2 a) 
and the corresponding four-dimensional CuristorreL symbols by G’,, and 
Gr Wins 


ma a Lad = oy OGuwse jie — Sina) 
Ginn = 9° Gs, mn = 3 (5 - Og Ox’ (ai 


The sign ~ imports that, in a four-dimensional expression, all derivatives ae 


have to be replaced by the operators 


0 0 
eee et ee 


where A,» is the electro-magnetic potential vector. Thus, 


GC" 0 Cran = F9" (Ongme Om Gus Os Gma)s (2 c) 


As to the definition of the symbols I’,,5., see § 4. 


PAVE oe 
The rigorous field equations 


§ 1. The variation principle 
The metric is described by the line element 

do* = yu» dx" dx’, (3) 

and the field equations are obtained by the variation 
5 | (4+ PM) aa =a (4) 
the yz» being kept constant at the limits. M is the Lacraneran belonging to 

matter, and the Lacraneran of the field is given by the expression 

A = gael bes Fi as tbe Loe (5) 


1 : : : : ; 
We deviate from the notations {mn, r} and [mn, 7] generally used in the literature, in 


order to bear in mind the analogy between hy and Go. 
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which is the exact analogue to the Lacraneran of the gravitational field in 
ordinary four-dimensional theory. 
The variation principle leads to the fifteen field equations 


Aa iad 4 B? Orn. (6) 


where @,, is a five-dimensional generalization of the energy-momentum tensor 
Tmn, and where 


; Puy = Pus earl (7) 
with 

Pe oe? Po (8) 
is the tensor, corresponding to the four-tensor 


Gn = Rinn — 49mnk, 


Rm» denoting the curvature tensor 


a? : 
[Peep = Get tee > log Vg— 


Ox” Ox" (Vg Ginn) (9) 


EE 


It follows from (9) that the tensor components P,, are given by the expres- 
sions 


0 = 
Bane eT pee lee Vy— ae a (Vy £%,). (10) 
: y 


§ 2. Specialization of the coordinate system 


As has been pointed out by KLEIN, we get the connection with classical four- 
dimensional field theory in the most obvious way, if the coordinate systems 
are so chosen that the five tensor components y,o are independent of 2°, 


Gan carpet HD seer (11a) 


throughout all space. This is always possible, as may be seen from the fol- 
lowing considerations. 

Presume a coordinate system 2°, x', x”, x°, xt, where (11) are not satisfied, 
and perform a coordinate transformation 


= £(y’’) [Ee (a’”) = £2 (a’?, aa ee) (12) 


aye 7 ea 12 13 


thereby introducing a new ERR system x x’, x’? x'*. The components 


of the fundamental tensor go over into 


meer Cen ee 
Vuv(x'") = = Ax’ Apr tea i), 


and thus we have 


91 


Cc. V. JONSSON, Studies on five-dimensional relativity theory 


Oy.0 OF: 08 OF Oy, Gr Ges, OFF ak OR & 


Ox = Oa" Ax” Ox’? OF Ox" Ox Oa e? © Dai Pur Ver 


Separating “= 0 and «=m, we find that the equations (11), 


0 yoo 0 Yo 
ae Le llb 
0 x? tog? ve, (tL 


may be satisfied, if it is possible to solve the system of differential equations 


gree age 1 0& 08 OF Aro 
Aw’? 207 y/0 2.0 22200100 bOg! 

|e ge _ 08 08 OP Oy, Ow ae me 
Ga? Gam ~~ Ax Ja Oa OE Aa dam!” Au 


We choose a certain fixed value of z and introduce the arbitrary functions 
ye and 7%, which are independent of x’® but depend on the other four coordi- 
nates «’”, and which satisfy the conditions 


0 & 
pet Cha be = (550) 
0 


( )o indicating the values at our special value of x’°. Keeping this value of 
az’° fixed, it is now possible to calculate from (12) and (13) the values of the 


2 £0 ° 07g 
five quantities 9/02). 28 functions of a2’, 72, 78, os » and ee Forming 
roa PA is £ 
in £o 


the higher derivatives (Fr) by successive differentiations, we get the Mac 
v 0 
LAURIN series for &, 


ae Q2 £0 (Oey CONES 
Ee (a7'”) = (E2)q (sea). [x’° —(a’)o] (Fao) [aw x Jol he sofas 


This series converges under very wide assumptions as to the character of the 
actual functions.’ If this value of &(x”) is used in (12) we get a coordinate 
system in which the conditions (11) are fullfilled. 

The consequence of these conditions is that the general five-dimensional 
group of coordinate transformations otherwise permitted is now restricted by 
the demand that such a transformation must not carry over to a coordinate 
system, in which (11) are not satisfied. The restricted group of transforma- 
tions is 

(2° = gr’? ate OG) 
(14) 
lat = gk (o™) 
This is just the under-group of five-dimensional transformations, characteristic 
of that form of the theory in which all quantities are taken to be independent 


1 Goursat, Cours d’Analyse, II, no. 385, 456. The coordinate transformation performed 
does not destroy the periodic character of the tensors. 
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of the fifth coordinate x°. The use of the under-group instead of the general 
group is now the consequence of a coordinate choice, and imports no restric- 
tion on the general physical theory. 


§ 3. Transformation properties 


The connection between the components of the fundamental tensors in five 
and in four dimensions in those coordinate systems which are now allowed is 
the same as that previously given by Kern [1]. 


Yoo = @ iS an invariant, 
yom = apAm, 
Yan = Imn + ap Ay, An, 
Il 
yh = — + Bg" Am An, (15) 
(0? Gee 8 GAs; 
ymn eS gn”, 


The determinants y and g are connected by the relation 
Y= Og, (16) 


as is easily verified (cf. [1], p. 198). 
In all these formulas, the gm, will now be periodic functions of 2°, 


q 


DS gy) 2niz- 
Inn = > 9 € , (17) 


Z=—c 


g” describing fields of the electric charge Ze. For Z=1, the momentum 
canonically conjugate to z° ought to be 


é 
OE 


and this gives for the fundamental length / appearing in (17) the value 
j= ose 10°°° cm. (18) 
€ 


a and A» are independent of x° and are functions of the space-time coordi- 
nates alone, as follows from (11). 

If P’” are the fifteen components of a symmetric five-tensor, the ten com- 
ponents P”” transform as the contravariant components of a symmetric four- 
tensor under a coordinate transformation pertaining to the group (14), the four 
components P” behave as the contravariant components of a four-vector, and 
the fifteenth component Po9 is an invariant." 


1 An example of these rules is found in (15). 
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If Q"* are the ten contravariant components of a symmetric four-tensor, 


defined by 
Qrs = P's, 


then we have for the covariant components, 
Qrs = Prs— BAr Pos— BAs Pro + B? ArAs Poo, (19) 
as is easily verified.1 The invariant P, given by (8), becomes then 
Pix xl! Pg = yf? Pog oy” Po Poa ty 2 on, (20) 


or, by inserting (15), 


it 1 i! 
P=G'Qre + — Poo = gre Q" + | Poo = gre PM + © Poo. (21) 


§ 4, A collection of rules and formulas 


In the following calculations there will frequently appear expressions, built 
up in a way corresponding to (19), and resulting from a separation of indices 
as in (20). We will therefore introduce a new type of three-index symbols, 
namely 


5 Waar = Ios — B Ar I0,0s — B As I+,00 + B? Ar As I,00; 
ee = Io,+s— BArto,0s— BAs toro + B? A, As 0,00, 


and 
(eae Vases = pam Losey L'n,08— BAs L'm,ro + 
a B? Am Ar Io, 08 ai BAY, A; Tore = BUAGA; Lin,00— B? Am ArAs I, 00. 


Inserting the values of the CuristorrEL symbols from (2) and (15), 


lda 10a 
Doak” es age 


I,00 = 0, Io,0s = (22) 


together with the corresponding expressions for I},0s, I,rs, and I'm,rs, we get 
by direct calculation, 


oe! OA, OAs i Log. It 1 0 Ors 
Loe = 508 (aes me LT tisha cl ee) 


where the antisymmetric electro-magnetic field tensor Fs, has been introduced 
by the usual definition. Further, 


OAr | +54) LO ors (24) 


1 
T = : 
ott 9 SP Ge ange) MeO eprgte 
* KLEIN [1], p. 197. 
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and, finally, 
Lm, a 4 (0, Yms + Os9mr — Om Ors) = Greet (25) 


Moreover, as well-known, 


dg"’ a Cae Frid ck ada ia Baye (26) 
and 
i 1 mt i i TS as nal rs 
Beer pel ee 38 dGrs = — 5 rsd gh. (27) 


Using, further, the fact that the determinants y and g are connected by the 
relation y = a-g, and that a is independent of x°, we have 


log Vy = —— log Vg, (28) 


0 
Oz AO 
and 


1 0Va 
Va Om 


dy log Vy = = 0, log Vg + 0; log Va = 0; log Vg + —= ) (29) 


0, operating on Va being the ordinary derivative. 


§ 5. The invariant Po, 


After these preliminaries we will now calculate the components of the five- 
dimensional curvature tensor, and it follows from the transformation properties 
previously mentioned, that we get the closest correspondance to known four- 
dimensional expressions, if we choose the components P”™”", P™, and Poo. 

For the invariant Po) we get from (10), 


Le Be be log Vy — = Wy I). (30) 


0? 
Ox By Ne 5 0 x2 
By use of (22) and (23), the first term becomes, by separation of indices, 

Ee og YY Lael s00 = 


~ ~ i i 
= Og" Iyoed wort af £0.08 14,00 + (ft 400 £0.07 = 


mo Me. Pe O gst O grt [ed 0a: 
= iv 9 (ap Fu aa” a) (ap Fn fa) es 0 as Oat” 


1 Cf. (2c). It should be noticed that, as required by the fundamental gauge invariance 
of the theory, the operators Or operating on a term in the Fourrer expansion (17), which 
corresponds to particles of charge Ze, go over into (by means of (18)), 

201 Z a) iZe 


Tee =e — Ar, 
as pA ff O at i re 


which are the usual operators appearing in any gauge-invariant theory of electric particles. 
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or, by changing some indices and using the relation (26), 


1 09" Crs 0Va 9Va 
4 02° O0x° 7 Oa" Oa! 


il 
UE oe Lee P< go Bre B™ = 


the other terms disappearing by reasons of symmetry. 
The second term in (30) becomes, by means of (28) and (27), 


oh = 
a 202 log Vy = 


07 il 1g O9rs it veo Ors a i 0 g"8 rh 
0x°\27 02° 27 Oa" "202° 02°” 


and the third term 


es 7 Wy #2 Le) ieee 7 Vy Fae) = 
~ ean VBI Ar Toa) - 
1 bs 
eS, ie Or (Vy g”* Ps, 00); 
since A, is independent of x°. Inserting 


and using (29) and (27), we get 


hee Sade = — ] - ,9Va dVa OVa 
ee xe he open 78 rs ef . 
Vy 5 V7 72° Ps,00) = Vo y,0(Va9 ve) 20 ae eae 
Adding together (31), (32), and (33) 
1 2 rs 1 7s 0? Ors reg OOrs a Se 
Poo = — 4b Hine Le + 59 0 702 T 4 0g° ax? } Va-‘O Va, 


(32) 


(34) 


where [| is the covariant four-dimensional LapLace operator with the deriva- 


tives dar replaced by the operators 0,, 
ay me | 0Va 0 Via Ova 
V = — 0, ( Ue) oe => rs ( sth x . 
i a Va Vg g 0 x8 g 0 a" 0 x G; $s 0 am 
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§ 6. The four-vector P” 
From (10) we find 


Pp = ym Pro = ym DET, + yx log Vy — 
iy = (Vy ye Fe.) + Fe, oe (35) 
_ We take together the first and the last term and use (26), 
ym re re + Te ie y= ye Te re + 78 oe 
= yr gett Dy 9, (ie “ sa) Sy ae 


= z 1 z il ee 
== (orto Fro. Lt + 9 10,08 Ln, 08 =F oo L400 Fo): 


The last two terms in the parenthesis cancel each other, and in the first term 
only the symmetric part of J%,os will survive, since gg*tIn,+¢ is symmetric 
in J and s. Thus, by means. of (25), (23), and (26), 


my 


dy m 
ye re Te +e = Gn, (36) 


il 
ee 0 2 07° rs 


The second term of (35) is, 


Oe ae a) = 
and the third term 
1 Va. mv 0a 1 FA) J, xmn wl 7 
Bayh, oe ry ye pie ay eg gh Ino) — 
1 0 ea mn, i —— 
ar a 
ee! enn gS ie ied ( ees aes “f 
= win a.(Vy aBpF Vya 0 Vy 07° Vyg es 0x” — 
S. 1 ay 2 oe) + 1 dVa Ognt 
ea a Ad a <7 a, (Va ‘ 9Va Ox Ox° 


Ly OV wal 0 
Va Ox" Vg Ox 


(Vg gi” “) = 
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100%) 


fh ovate. i Ong ee) 
- 2. Se | ve aa9 2 dx (38) 


Adding together (36), (37), and (38), 


1 a 
= — ——— 0, (Vga? B F™) + —— 
2Va-g gee i 


0 


pm = 5B eS, (Vga F™) 4 ay g”" 0 ome 
Va-g 


TsO? ae e yal OV eee 
Vq O2* 29 0@ 


o(gg""). (39) 


In the expression 


pmnr = me nee ie I BAS ae wie ye 
we will calculate the three terms separately. 
yime Nal wht yr" a Pugoa = 


1 
= ene | oi g* Ds ot Tee + — “of Foy P'ns0 + = ~o'Ti,r0 To,01 + Toro To0| = 


ities 1 a ates 
co a | aa 5 9 o (Lore Li, 80 + Dro Lo, st) Paes (41) 


The expression will be left in this form for the present. 

In the second, as well as in the third, term of (40) we must be careful, 
since there will appear derivatives of the electro-magnetic potentials 4s, when 
y" is replaced by — Bg"* As, 


2 


0 a) = ayn 0 = 
= »aymo 1 Koj aetna — ame - a o VY a 
ii rele Ou? lox V7) Oak Oa8 tog 
ae y r re 0 
= gn" 0» (Ci Os log Vy) = gm" 0, gns ; O; log Vy Ai pgm? gs ae aa ~ log Vy = =, 


0A, O — 
YAY (a, Os log Vy + Bos 9 0 [08 V7): 


I 
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This expression ought to be written in a form symmetric in m and n, since 
the operators 0, and 0s are not interchangeable. Thus, using (29), 


2 


0 


= om gn | 5 (0,0. + 04, log Vg + 2 (~ ota) 


COGAN @ Oa 


Lod Sar Oa 
58 (55 2 ‘\5 ip lox Va (42) 


For the last term of (40) we get 


10 Oe 
ae ae aga Vy v** Fe,00) 
Se TA aly Lt 2 a / I r 
= CO a? L079 I; rs) ar Vy 0x9 Vy aL ors ts 


i> (544 ak 
2a oF Ge) Ua | gO X, 


(ES ae mars - Ors OA; ae OA, 
2a Vg mele a) as (7, 9 Oat : Vi,s0 5g ‘|. >) 


where we have inserted the value of It o,rs from (24). Adding together (41), 
(42), and (43), we see, that the sum of the first term in each of these expres- 
sions will become 


Cl | a6 Got eg ta, 0, + 0; 0;) log Vg oF yt (Vg | = Rm, 
g 


y) 


~ 


~ one 0 
where R”” is the curvature tensor (9) with all derivatives a? replaced by 0,. 
Further, we see, that the terms containing 
Oar | OA, 
Ox? Oa" 


n (42) and (43), cancel each other, and that the terms containing To in (41) 
and (43) give, by using (26) together with (23) and (24), 
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ena a aA 
gr ght PEt no (fo, apa iy a 7 
a 1 F 1 O Ort 0 gsi = 
= g™"g =9 t. p(abFe + 58 s) (ap Fa se) 


it ih 0 gh" dg”? 
= gah Pee 402° n° Ox + cross terms, 


the cross terms disappearing, when we add the corresponding expression for 


the terms containing [7,s0. 
The result is, 


il Og”? 0 g”* 
2a" O29 Oa? | 


1 Mr ns 1 0 — 09rs 
Peete: 


| Le a 
AG OG OFF CL NVG Os Vig (ae 


This expression can be written in a more condensed form, since 


ino 0 Ors 1 mr ns Ors Oors 0 MT gNs 
gi? gh® - — 5(Va 5%) - 5 (Vag g a ) 07° 5 19 9 gr) = 


pmn — Ae aia Sabre, ferr 


+ gue | 


V5 02 Vo 08 = 
1 0 va er) ! a Pa i ed ee! 
Va 02 oO, 1" pat Vea ar 02° 
il 4) < 0 gm” Ogmr 0 gf? 

ly ap (Va a, Re ao °F ae 


where the indices have been changed in the last term. Further, 
ETO rag _10Va 0Va, 
42 0x’ 02 a On O2@ 
a age bi Ve «AV a OViers 
Va 02 Vg ove ade ve 


By means of these relations, (42) goes over into 


and 


1 pO mn 0 mr ~ ns 
PES ha “apte™, oe a agi (Ve: 429 : sat da? O00 


MP? A~AnSs I 0” Va dVa x ) 
eg (PS Dal Gre (45) 


The last parenthesis represents the covariant second derivative of Va. 
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§ 8. The tensor /',,. 


We are now going to write down the expressions for the components of the 
tensor J%,, entering into the field equations (6), 


1 B? 
as = Puy 9 Yaw P = 5 Pus (6) 
where P is given by (21), 
P= f° Pro = tee PIO 4 = Pry. (21) 


From (34) we have 


ee ae pt CE Oe LL Og Lee = 
oo reid Bak Sead 0x0" 9a" Ao02* yz Ve, 
and from (44), after changing some indicest, 
n = 1 2 1 Oo"*® O Gy: 
eeniecrar el s5a.%0x 
1 rs ee) a nike Wa 
‘aor aed 9 949 Besa el 


Inserting these expressions into (21), we get 


3 Og? OGrs 1 OF Gas 
4a02° 0x° . ae On? © 


P=R+ {OBE Fe ~ 


g +—[1Va. (46) 


Further, from (6) and (27), 


Pi = Poo 54P = —sah— > otf F,, Fr — 
1 O0f? OGrs 1 0 =\* 
80a° 0g 2 (scp log V0) So 


It is of special interest to notice that the derivatives of a have altogether 
disappeared here, as well as the second derivatives of g-s with respect to 2°. 
For the mixed components we have, since yi’ = 0, 
[n= pr — dot P = pm, 


(Op wea 


and for the contravariant components, 


1 Cf. also (45). 
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if 0 gm dg 3 ii ibe Ors 


m 


90° Oe Of 80° d¢° Ox° 


pon = Gen + 5aptsme + 


ae gO Ors 1 1 0 oe iH | 0 i) 
Sa iret hac Peer PRE 70x 2a7 \da° log Va} 4 
cm EEO Van Ce ey a 
gang ie ee es 0x! Girs eg OVa, (48) 


where we have introduced the electro-magnetic energy-momentum tensor, 


gmn = Fm FR" a EY es Fr, 


together with the tensor Grn, defined by | 


by 


Gin == Rmn 22 ign” 


§ 9. The Lagrangian / 


It may be convenient, at this place, to calculate also the LaGRANGIAN of © 
the five-dimensional field, although the value of this quantity will not be ex- 
plicitly used in this paper. The LAGRANGIAN is given by (5), 


A= yo(re, re, — Te 7). 


py oo 


We get immediately 


A= Gee guar (Fins lp Linn Fess) =a 


1 = ~ ~ il = 2 = ~ 
ee oo 9 (Trott Ouse Ti,o0L' sr) ai aa g** (Lo, me Lino Fo, mn 14,20) = 


1 pe ~ ~ I 1 
aig oe g! (Li, mo L0,nr — Li, mn LD, 07) =I i I, mo Io, no a5 ae I, 0s Tt,00- 


The last two terms cancel each other. Changing some indices, 


——— 


Pe ES Ar ye 1 & ry 5 7 
A= Chiko (Gms Gn _ Gan Gsr) oly ae g’ (Lm, 08 yee — £m, 00 ry. sn + 
si Lo, ms Ly, no -l, Lo, mn Leo a3 Ls, mo Lo, no = Ls, mn Io, 07). 
Here we introduce the four-dimensional LAGRANGIAN 
r Ar 7e PY eR 
L= gt” (Gms Grr — Gm n Gsr) ’ 


and change some indices and the order of the termst, 


t gmn gts Fs mo Lo,nr = gmn gts Ir,no L0,ms, I0,0r = — Tr, 00. 
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eee | 2 * 23 ss > : - 
A=LI+ vi g’® [Tyon tlm. Oe ts 2 Lo, ms) a Lo, inn Ls, 20 am In, 00 (I, on a Tn,rs)]. 


Inserting the values of the three-index symbols from (23), (24), and (25), and 
raising indices by means of (26), 


ee) 
[sp Fm + Yat + 208 (52 + gen) 2a] 
pict 1s (4 +52) —35] 38+ 
sae Fea (g" Gen — g"*Grs) 


the anti-symmetric part of i 7,80 disappearing because of the multiplication by 
g’*. Using further properties of symmetry, we may reduce the expression to 


= pal 2 18 gb) O Grats 
a aor ues "1 owe 0x 


1 0A, 0A, 0 g"* 1 rs ed 
6 (55 = oa) (5% Z 97 9 "G29 


By means of (27), this can be written 


1 0g" O Ors 
4a0x° 02° 


A a i —jap*Frs FP ar 


ion. 0A; rs) 
Qe ES) hon 
i! a) a 1 0 Va ne ng ye 
mn Gan. — rs Gis s 49 
Ate 0 log Va) + Ve Ox m (9 g ) ( ) 
It must be remembered, that A is not a general invariant. When we form 
0A, (OAM 
the invariant f AVgdo°da' da? dz dz*, the term containing ae + Ae dis- 


appears by partial integration. 
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§ 10. Non-charged fields 


In the case of non-charged fields, i.e. when the fundamental tensor is inde- 


( 
pendent of z°, so that in the FourreR expansion (17) only the term gmn Sur- 
vives, the field equations are greatly simplified, since all derivatives with respect 


to x° disappear. In this case, the expressions (34), (39), (45), (47), (48), and 


(49) go over into 


Py = — 40°f? Fy Ft + Va Va, (34 a) 

1 1 0 - 
m : ‘io mn 39 
P 5B ae Yeh (39 a) 
1 n 1 27m Fur MT _~NS 1 Va aVa y 

Pan R™ + <a ft FM Far + gig fal 5 o> (45 a) 
1 Osis 

Loo ig Git 3 Bo Ree, (47 a) 


1 
pena Grn 5 ab Sm = 


L fe Vane aes 1 = 
MT 7”NS , — rs = ae . 4 
wat Va Goes 0 a! : Var OVe i“ 
ss pee 1 2 Ts 2 ts dVa mn (Xs __ ars (im 
A=L gah Te hd Va 0a” (Ga Ge = gaia (49 a) 


§ 11. Central-symmetric static fields 


We will now give the components of the curvature tensor P,,, in the case 
of spherical symmetry. For the line element we write 


do® = Oy dz’ dx’ = Gmn da™ da™ + a(dx° ae pA, oY. 


As to the electro-magnetic potential vector we assume that only the component 
A,—A is #0 (this means that we disregard spin effects). The condition of 
spherical symmetry is introduced by the supposition 


ds* = gmn dx” da” = — & dr? — 72d 62 — 7? sin2 6 dy” + e" (cdt)?, (50) 


where € and 7 are functions of r and x°. The absolute value of the determi- 
nant |gmn| will be 
g = &tn 74 sin? 6. 


’ The field equations in five-dimensional theory, when @ is allowed to vary, have recently 
been studied in a thesis by Turry [13], who-has derived the equations (34 a) and (39 a) by 
a method quite different from ours. 
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The derivatives with respect to r are denoted by &’, ny’, ..., the derivatives 
with respect to z° by & and 7.1 In the static case there appear no time- 


derivatives. 
We find immediately for the tensor F;s, 


Fis =e Fa = Ae: Fu ss — FA = gt Cee =e ef A’ 
all other components being = 0. Further, 
ire P ik = ror = TW ds = => Fe Ae: 


Introducing the values of gs from (50) into (34), we get? 


= = (Va)" + or (Va)' (¢ = i= alt (51) 


By introducing (50) into the expressions for P” and P””, we must remember, 
that, even in the static case, the operators 0, cannot be omitted, since they 
go over into 


0 0 0 
Rada a mm Ang nel Aa 70: 


It follows then from (39) through a direct calculation, 


Ph-e-] + Laptendd’ E+ i) — 
1 ore Biwi i , 2 1 “ Py, 
—3(i oh Mala ae Moca fl eerer ) i| (52 a) 
Pj = Po=0, 


1 ie Snel BE, ' I? 
=, SS ae tr = S/o 2 A! ic pas adh vA y \ 
Ps ee | 5 29, (4 WA’) + 7a BATE 


—5Vap4e(F— 58H + 52)|. (52 b) 


and. from (45), 


1 There seems to be no risk for confusion with the index ° used in other connections. 

* The values of the four-dimensional three-index symbols in the case of spherical sym- 
metry are given explicitly by Eppineron, Mathematical Theory of Relativity (1923), § 38, 
and by Toitmayn, Relativity, Thermodynamics and Cosmology (1934), § 95. 
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1 il i 
iL Egat e268 ws Bae ieee eee tae fe), 
is [5”" if ai eri 
ce Eg en Al? + Vane — us (Va): & + 
2 Va 2Va 
Les pre i I Nicnt wil a — hel? lz. alt 
Ap Ate r(8 ear ra Ce (53 a) 
-€T] |] ef a 
CO 2 Fee eae ' / 53 b 
P Psi” 3 E 9 (5 7) 775 © Vay'|, ( ) 
il 
VO Fa ey) Rel 12 , 
12 e | 5 1 eae a U] 
1 2 4-—n 12 it \r ’ 
Jey =" — 3 + 
59 #8 e "A ae (Va) n 


i ee Sb thie + Ten al (5 ie 12) : 
= f f = 3 
pga (8 Fan Toe | Sel Ses | 


§ 12. The description of matter 


The interaction between the general five-dimensional field and matter, 1. e. 
particles of half-integer spin (spinor particles), is described by the rigorous field 
equations (6), 

[we = peo 4 yu P =e 4B? Or’. 


The left members were given in § 8, and in order to get some information as 
to the character of the tensor 0”’, we will recollect some features of the treat- 
ment of matter in general four-dimensional theory, as developed by Fock [6], 
TETRODE [7], VEBLEN [8], ScHRODINGER [9], BarGMaNnn [10], and others.? 

The spinor particles are described by means of the Dirac wave equations 


0 % k e 
v(5o-Gv)—™p 0, (Se +ea)o+ = 0, 8 


where mp is the rest-mass of the particle, while » is defined by 


y=iy*a, 


where a is a matrix”, which is introduced to ascertain the right reality pro- 


perties. The matrices g” satisfy the relations 


gePrggPe=2G, OrGe + Ge Gr = 2 Gre, (59) 


* We follow the treatment by ScurROpDINGER and BARGMANN. 
* a in the notation of BARGMANN. 
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and may be expressed as linear combinations of the non-varying Drrac ma- 
trices g,, satisfying 

Ir Ys = Ys Yr = 2 Ore, 
the 6,; being ordinary Kronecker symbols. The matrix vector G,, finally, 


has the function to make the theory invariant against arbitrary S-transforma- 
tions. The contravariant components of this matrix vector can be written 


0g” 0g” 
Oa - Oa* 


il 
1 ioe 5 g’® (1m gu —=2 oo" Gy) Ymn) 5 (56) 


with 
J(mn) = 4 (9m gn —~ Yn Jm) > 


Gits, as before, being four-dimensional CHRISTOFFEL symbols. 
The symmetric energy-momentum tensor becomes 


mencl.. Op 0% ~ Ow Ow 
Inn = |G om 5 a gn Im ake YIn am Agm9n? 


ae yp (Gm Gin + Gn Im + Yn Gm + Gm Yn) v| . 


§ 13. The five-dimensional tensor 0”’ 


The formalism outlined here will now be taken over into the five-dimensional 
theory.” We introduce the covariant and contravariant components y, and 2 
of a matrix vector, satisfying 


VeVe F VoVo= 2Voo, VY? + yo = 28%, (57) 


together with a matrix vector J? with the components 


1 Ow Ow 
[e= ee (, ae A - ye oy yd apt I%, 4 Vu) (58) 
with 
Vu ‘ay 3 (Yu Vy — Vy ry) . 


We have then the wave equations’, 


Op MgC Op.» Oe B 


1 This follows from general arguments by BAaramMaNN. Alternative forms of this expres- 
sion have been given by the author [11], and by Kien [2]. 
2 KEIN [2]. 
m, 


Cc Z , 
3 Tt is a difficult problem to decide, whether the mass-term ue y is to be retained or 


h 
not, when we go over from (54) to (59). See KLEIN [3]. 
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and the energy-momentum becomes 


ihe[- Op 09 - dw dy 
One = El Gg — 7 oMd + OH GE 5am P— 


T+ Bit Ent Dey. (60) 
By comparison of (57) with (55), we see that we may put 


P= oe | Ve =e: (61 a) 
which gives 
Vr = Gr t+ BArg, py =9°—BArg’, (61 b) 


where gy and g® are matrices anticommuting with all g, and g’. If j is a 
matrix satisfying! 
Godr + GrGo=9, Go= 1, 


“we see from (61) and (57), that we ought to have 


a 


ee ate okt 
9 = joVa, g a Oe 


Introducing (61) into the wave equations (59), we get for the first of these 
equations, 


Ow Mo C 
pap + Op — ("+ Po Te)p —“>-p = 0. (62) 


It follows from (61), that 
Ymn) — BAm yon) — BAnyYimo) = mn), Yn) = Go) 


and, thus, from (58), 


I" = 


Coll 


pe | om Os gt Os MS ae git! on Gi,ts) J(mn) — 


2 ml T 2 nt J ¢ mio At 
9 | ao Pos J(m 0) md Foie Jon) — 2Bg Oa! J(m0) | > 


or, using (56) and inserting the values of J},os and J,1s from (23) and (24), 


a vr ! mr 0 g” ‘ 
ae = es (abr aia Sa) J(m0) - (63 a) 


’ Kier [2] assumes gy = 91929394. This leads, however, to difficulties as to the in- 
variance of the wave equations against reflexions in space. The possible ways of escaping 
this difficulty will not be discussed here (cf. KLEIN [3]). 
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Further, 


1 0g” 1 0a 
ys (0 Ox? Opes ee ik ap rm) ols Sa date Mimo) (63 b) 


From (60) we find 


nel. 84 OY is 
Ow = 5 | ro5 9,0 YP Ble + Tovey. 


The wave-functions y ought to be periodic in z° with the same period as the 
fundamental tensor y,,, 


t 0 
@ a Spa cy —2 poe 


ER Re ae ee oe 
the omitted terms corresponding to multiply charged fields. Thus, neglecting 
i 
: = Dox” ; : : : 
terms proportional to e4 ° , which disappear by an integration over 2°, 


the ) @ (eb) 


0) (0 21D 
ca 5 |? W-(9o Lo + 1990) yp sae A h "99 + Goo + My 9 ve 


i: y Ee Jo + Go Ly + Toa)? | . (64a) 
Further, 


ine{= _0 Oy ne = 
Qe” = re [' git ee = 5,00" aE g”” (w de Ory — O-W> J y) = 


ap (gh Diack To gh ony Le ray, (64 b) 
and, if Tm» are the covariant components of a tensor, defined byt 


Tm — em is 
we have 


ne m 8 8 
Tan = — [wy Im Ony — On Y-ImY + Wn On P — Om W* In Y — 


ea ~ (Gm ie Es Im + Jn I m + Hie Yn) )y], (64 c) 
where the notations : 
En = In = B An ye 


are introduced in analogy to the symbols Peat Ly ye ond ghee in § 4. The 
energy function, finally, is defined as 


H = f TiVgdv. 


1 [mn as defined here differs from the energy-momentum tensor at the end of § 12, since 
it includes also interaction terms. 
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PAAR heads 
The linear approximation 


Introduction 


In the first part of this paper we have dealt with the rigorous equations of 
the generalized five-dimensional theory, disregarding, however, the problems 
connected with quantization. Due to their strong non-linearity it is extremely 
difficult not only to obtain rigorous solutions of these equations but even to 
develop a rational approximation method for their treatment. In the absence 
of such a method, Kern [2] has proposed a procedure analogous to that given 
by Exnstern [4] for the treatment of gravitational waves. This procedure is 
based on the assumption that in problems where one is concerned only with 
long-range forces (ordinary electro-magnetism and gravitation) yo) may be taken 
equal to 1, while in problems concerned with the “interior” of particles (rest- 
mass values and nuclear interactions) yoo may be put equal to a very large, 

constant value a. 

Using an auxiliary variable 


a = 2 Va, 
which in the first case (a2~ 1) is identical with x°, Kier puts 


Yur = On» + Vag B Pu = Ouv + € Pur, (65) 


where 6,, are ordinary KRONECKER symbols, while g,, are of the dimension 
of an electrical potential, and assumes that eq,, may be treated as small 
quantities. 

Even if this treatment lacks a really rational foundation, it is well suited 
to illustrate the general character of the theory, and it seemed worth while to 
make a more thorough investigation along these lines. Thus, in the first place, 
the introduction of the coordinate system mentioned in the first part, where 
the ymo are independent of 2°, can be carried through explicitly, whereby only 
the @mn depend on «°.1 Moreover, the quantization of the field equations is 
carried through with results which may, perhaps, be helpful for the quantiza- 
tion of the rigorous equations. 

Introducing the assumption (65) into the rigorous field equations for the 
matterfree case and using the periodicity condition 


-+ c0 é yl + 00 
= (Z) 2M _ (Z) pi Z xx 
oe ete < bk > eg” Ca 2 (66) 


—oo 
where 


* In the example, sketched by Kuerry, l.c. p. 13, such a coordinate system was not intro- 
duced, and he happened to consider just the x°-dependent parts of 7, 9: 
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27 e 


Piva lavas 


x 


(67) 
KLErn obtained a system of wave equations for each value of Z with a mass- 
term corresponding to a restmass Z Uo, 


e 


Vag bE 


Choosing Vag ~ 1018, wo will be of the order of magnitude of meson masses. 


§ 14. The elimination of Pus(Z # 0) 


We shall now go over to an investigation of the charged fields. We have 
shown before (§ 2), that it is always possible to find a coordinate transforma- 
tion, even in the rigorous theory, which carries over to a coordinate system, in 
which the tensor components y;, and y;5 are independent of x, but we will now 
perform this transformation explicitly in the case of weak fields. 

The periodicity condition, inherent in the FourteR expansion (66), imports, 
that the five-dimensional coordinate transformations permitted must also be 
periodic in 2°, 

(a? =m x? +2? (x'*), 
ey Healy 


where n is an integer, which can generally be put = 1, while the functions & 
are of the form 


> E" (x™) ei Zuw (66 a) 


By an infinitesimal transformation, belonging to this group, 
yg =a” + ef (x), 
the gv», as defined by (65), 1. e. 
Yuv = Ouv + EPuy, 


are transformed in the following way, as is seen from the ordinary transforma- 
tion formula for the tensor yy», 


, O Et 0 & 
Puv — Pur ate 0 x” + Aan! -- Deg 


the terms suppressed being proportional to e. 
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Inserting the series (66) and (66a), we get 
(2) 
¥ (5s giZna'® _ F (Oss 4+ Li Zu E8) » i tae®, 
Z Z 


(2) 
5 (Z) 


(4), Wa (2) 0g ; . A Zn 
Pi = 3 (Fs + Feu + 1208) aa 
and 


(Z) (Z) 
1 

> Pmn eee me 5S ree i ag rn ae ina 
Z 0 De 0a 


where only first order terms are retained. To the actual approximation, 
ei Zxx'® = tux 


Identifying the coefficients in each member of the equations, and choosing, 
for each value of Z 4 0, 


ay S eearzy 
soley AY dN 
(2) oa 
ie = i (4) 0 & 4 1 @ } @ 55 
$ =~ ay, (Pos a iZu ir”? 222 Aum’ 


we see immediately that we bring about that 


(Z)¢ (2), 


955 = Pms = 0 for ZA 0. 


The coordinate transformations afterwards permitted are, of course, only 


(Z) 
those, for which all & = 0, if ZAO0, corresponding to ordinary gauge trans- 
formations (11), 
(0) 
x = gy’? ae & (a'™) 


(0) 
gg’ = & (a) . 


§ 15. The independent components 


Introducing (65) into the field equations! 


pice lg ( linear 9h tvs ae Oe aaa 
9 Or On” Ox2Ox2 Ox’ Ox? Oxk 0x2 
=? Dao Divo + Yo DnvLDaes = 0 (68) 


we obtain in the first approximation 


* Eppineron, Mathematical theory of relativity, § 34. 
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0 p 0° Pue 0° Pro 
ee Ox" Ox" Ox" 02 Ox" dae ee 
where © denotes the five-dimensional Laplace operator and 
P = Puu- 
Using now the conditions 
0955 _ 9Vm5 _ 
Bs ae eG a 


we shall at first put « =»=5, then u =m,» =5, and, finally, uw =m,» =n. 
In the resulting equations, we put ss = 0, which means that we regard a 
as a constant!, equal to ag. Moreover, we neglect gravitational effects, which 
means that we put all @mn = @. 

We find then, g denoting now the four-dimensional spur, y = Ymm, 


0" 

aa™ = iW). (71 a) 
2 a2 a2 
Pmr Par 
Ll pms + om 9 gb Ox? Oe Ox" d2" 0 (71) 
and 
0? @mn Op 0? Pmr OP Pnr _ 

ema +5 Ganda Oa Oar Oamdar Wy) 


By introducing now the Fourtrer series (66), we write Oy», and ®,,» instead 
(1) ic) . f (0) 
of @mn and mn, the series thus becoming (gmn = 0!), 


Il ee apt 1 = 5 ¢ 
Pmn — ya omne™ air Verne MO eterno (72) 
the omitted terms belonging to multiply charged fields, which will be disregarded 
here. The factors a are inserted for normalization only, and the connection 
2 


between Dy» and Dy,» is as follows, 


*~n = complex conjugate to Py» with reversed sign, if mA 4, n = 4, 


mn = complex conjugate to Onn, if mA~A4, n#A4, or m= n = 4, 
in order that @mn in (72), and consequently ymn, shall have the right reality 
properties. 


1 This is not very satisfying, and makes the physical interpretation of the linear ap- 
proximation dubious. Our knowledge about the behaviour of a is, however, too scanty for 
the drawing of any definite conclusions. The equations (69) give Da = 0. 
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The terms not containing e’*” in (71) give the four ordinary equations for 
an electro-magnetic field, 
0? A, 


Ll AmmnG griggere ts 


while the terms proportional to e’*” give rise to ten wave equations, 
O Onn — x? Onn = 0, (73) 


together with the five subsidiary conditions 


®=0, (73 a) 
0 Dn as 
ap (73) 


This means, that there are only five independent components, corresponding 
to the five possible spin directions of a particle of spin 2%. The equations 
(73), together with (73a) and (73b), are, in fact, exactly the equations, given 
by Frerz [5] as characteristic of a meson field of spin 2h. 

Introducing the series (66) into the Lacraneran (5), separating the index 5 
from the other indices, and using the conditions (70), together with 


P55 = Pmn = 0, 
we get 
2 
 £. (LZ, + Lg), (74) 
where 
Loe 0 @ms Ons A OAm 0 An 2 
1 6} gr 0 gm 0 gt fa) qm _— + mn (74 a) 


is the ordinary LaGRANGIAN for the electro-magnetic field, and 


It = 0 Din n ( 0 Dy, n ne 0 Dinr j i) 4 0 p* 0 D, m 0 De. 0 @D ne 
2 Ox" 0 x" O x” ! Ox™ Ox" Om Oxv™ Oxt 
0D* 0@ ' 
Ox" 0a" sei Dr n Dip, no 27 d* @ (74 b) 


is the LaGRANaran, describing meson fields of spin 2h, according to the theory 
of Frerz. The LaGraneGian is given in exactly this form by WENTZEL [12], 
p. 194, who derives the equations (73), (73a), and (73b) by the variation 
principle. 

It may be remarked, that in (74) only those terms are retained, which do 
not contain any factor e’””, since the other terms disappear by the integration 
over x, which is to be performed by the variation. 
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§ 16. The second approximation 


We shall now examine the next higher approximation.’ As before, the indices 
4, ¥,... are going from 1 to 5, the coordinate a° being defined by x® = 2° Vay. 
We assume, as before, 

Yuv = On» + EQurs (65) 


the second term being small as compared to unity. Introducing the FourrEeR 
series (66), and paying regard to the next approximation in performing an in- 
finitesimal coordinate transformation as in § 14, it can be shown without dif- 
ficulty, that it is possible to bring about that the conditions (70) are true even 
in this approximation. 

Introducing (65), together with the corresponding contravariant expressions, 
obtained by means of the orthogonality relations for yy», 


ye = Suv — E Pur, 
into the field equations (68), 


=“ o{ 9° Yeo 0 Yuy 0? Yue 0 Yee 
ae sv (ae, = 022 0 x? Ox’ dx? se| 


2d ed hee se yee Dy Dye == 0, 


and suppressing, in the actual approximation, all terms containing higher powers 
of « than the second, we can write P,, in the form 


(0) (1) 


(et) 
Pas — Ne Ae Pee + ‘Pee a og, 


The field equations are then equivalent to 


(0) (1) (1) 


Jape Ue Py, =O; Nee ee 


and we will now write down these equations, first for uw = vy = 5, then for 
(a0) 


f= m,v=5, and, finally, for w= m,»=n. The equations P,, = 0 are ob- 
(1) 


tained by merely taking the complex conjugate of P,,, = 0, and the equations 


(0) (0) 


Ps = 0, Pin'n = 0 


are left out, by the same reasons as before (giving only the equations deter- 
mining Drs and Pn ah 


: 0 0 md 
Remembering that - ae = rae = 0, we get 


de Pre ale. 4 O Wr5 ops 0 
0x Ox Ox" ; 


Psp = 5 (Ore — € Pre) Hi 


bo| © 


1 This is, of course, still more dubious than the first approximation, It is, however, re- 
markable, that the second approximation gives a very good agreement with current four- 
dimensional theory in describing the behaviour of a particle of spin 2/ in an electro- 
magnetic field. 
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from which follows 


Pp. te Pp 2 Ogre 
So WORT hk Oy 


the terms in «? disappearing. The condition 


@=0 (75) | 


is, therefore, true even in the second approximation. 
Further, 
E 0” Prawns 0? Pan O Ds» 0? Qns 
Fr = 9 hOmn — © Pmn) (Cre 2 Pre) kore Oa Ox® Ox" Oa O02°0a° 


7 0 e 0? ns e O pri O Pm fn). 
y Ons zie + 5 Pog ae dx” Oat Oa 


(Pert, 9G51_. Ope (Sen 4 Sa Opms\ (4 9 pur 34) = 0 
Ox" Oa! 02° Ox™ Oa! Ox" 0a! ; 


Inserting Qms = Am, and remembering that in the first approximation 


0 Diny : 
ery : 
we get 
Oe (2 G7 A, e 3 # 0 Ds 0 Ons | 
Pp -5(o4, ae, | 2. (522 Oat : 
Jo, 0@., Pe 0 OF, ID; 

(Ger ber) |g fel gan oon ec 


j 1 ns IE Ee 
and, suppressing a factor Va’ arising from the normalization in (72), 


a) p. AO Oaee  e- OF Ax, OAs 0? A, 
Fea bin et 5 On eae) 
2 2 
ts oe So De, wy (5; A, OA;\ _ 
go oe duh) Vout, dat ha 
The last one of these two equations can be written? 
0 Din, r ée 0 Frm 0 @, m 7 
¥ Dita ot Diy am _— (a. 0x — Fre Ox ). (76) 


* (76) is the exact counterpart of the corresponding divergence condition in the ordinary 
theory of vector mesons in an electro-magnetic field (see e.g. WENTZEL [12], p. 86). 
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which replaces the previous divergence condition. Here we have inserted 


Be eehiga nd oe ¢ 
oP Vay h Be he au 
(0) 


The equation P” = 0, on the other hand, is of the form 


OF mr _ 
pT ea te 
where 
1 ie! (0 ®, O Ons 0 Dy. 0-Dy5 
es ara 7 2 rs ie y : 
= alee xn) o ® (5 . 0 a” )| 


is the stream vector, formed from the Lagraneran Ly (74) by the usual rule, 
ph? Ger/e0.L3 pe De 

Sm he (0 @:, oO rs a? #2) . 

0 a™ Ox” 


Finally, by a simple, but somewhat lengthy, calculation, we get the wave 
equations 


(1) € 


em xx (c Onn — x Dunn 


0? Ore 0? Dn» 
OP ORT 0.2" 02 (77) 


0 mn 0 mr 0 nr ; . 0 m 0 n 
D PD 4 Sin (Ge TF Dn) = 0 


(ee 
0x" 0 x” 0 a™ 2 Tilak whieh se 


bo | 


¥ ind,(2 


These ten equations together with the five conditions (75) and (76) describe 
particles of spin 2 in interaction with an electro-magnetic field, as will be 
shown in the alternative treatment below. 


§ 17. Alternative treatment 


In the fore-gomg paragraph we have started from the five-dimensional La- 
GRANGIAN A, and have got the field equations by varying with respect to the 
fifteen quantities y,, (or gy»). The wave equations and the subsidiary conditions 
have then been obtained as special cases of these general equations by introducing 
the relations (70), 

O55 _ 9Pms _ 


62 Ox 

Another possibility is to insert these relations, from the beginning, into the 
LAGRANGIAN, which is thereby divided into various parts, depending on the 
four-dimensional quantities Am, @nn, and is then varied with respect to these 
quantities. 


1 We have neglected those terms, which correspond to the interaction with multiply 
charged fields. 
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‘ 1 : il P 
We introduce! gms = Am and 9mn = —= Onn + —Grn,e-*™, together 


V2 V2 


with the conditions (70), into the Lacranaran density AV y, with A given by 
(5), while the determinant y has the value 


3 
vy=|yol=ltept::-, ro Vy=1 Tet tes 
which follows immediately from the assumption 


| Yar = Suv + €Qur- 
We find then 


- & & 
AVy = qa ae Ls a Ls) = ri yd (78) 


with L, and ZL, given by (74), representing the Lagranaians of the electro- 
magnetic field and of the field of spin 2h, while the interaction term Lg is 


Ds as — #2 4,| 03. (e eed (“Fas — 2 Par) 0,8 


he Ox" Ox” Oa" Ox” 
SOO n. Oe CO,, Cf" , 00 - 0 
+@ (Ge oa) ( 0am I) P+ Param — 5m One|: 


where we have made use of (67), le. ex = — Other terms in AV may be 
left out, since they disappear by the integration over 2°. 
It is not difficult to verify, that LZ, + Ls is obtained from L, by changing 
the operator 
0 0 ve 


t I ove 
Oat ia diet he" 


tal in (78) is, therefore, just the Lacrancian to be used in four-dimensional 
theory by describing the interaction between a field of spin 2h and an electro- 
magnetic field. The field equations 


0 Liotal a 0 [total 
0 Di, n Ox 0 Di, n 7 
6) 
0 a” 


O@ 
become, if we remember, that ® and EN are = 0 in the first approximation, 


0” @ OF Dinr Op Pry 
Ox” Ox" Oa" Ox" Ox™Oar 


2 
—8nn(— 2 tO ane a) 


— 2? Onn + L] Dinn + 


Oa! Ox! 
4 (0) (0) 
As before, we assume 955 = mn = 0. 
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ie OG UO ee Os. 
—[4(2 0 Oa” aa) 


he Oa" 
0Am OAn 0A, a 
— (5 Dny + dar Dns) ‘i Onno a. ®,,| =O. (79). 


As in the corresponding treatment in the absence of electromagnetic fields 
(WENTZEL [12], p. 195) we use now, in their proper turns, the operators 


0 0? 
> bmn, Law er ee 


and employ the fact, following from (73), that 


L) Onn = 2" Dan 


to the first approximation. 
The resulting equations are 


OF Dae ve 0A, 


=~ agree . (i= Q 
20 @+ Aamagr 1 oe? ar Pa 0, (79 a) 
a®@ O®@ ve OF OD, 
2 ade 2 ee a aE = 
and 
0? @, te. 0A 
2 mn ar) r we 
ait (5274-0 ) ade: A gm Dmr 0. (79 c) 


From (79 a) and (79 c) it follows immediately, that 
®=0 


is true even in the second approximation. Inserting this into (79) and (79 b),. 
we get 


is Dm Ln 0? Dy, 5 
Ox"Ox” Ox™Oux" 


ae [4-(253" ODiny 0 =") = (52 @.. 4 0A nr) | = 0, 


—# Onn ef} Dun 


he Ox" Oa” Ou” gh Ae 0 ak 
and 
0 Dr, ve ze 0 Prin 0 ad 
eS nVPmn = 3% 96 peat Lee |? 
Oxtn fae id iia Oa’ 0a? 


and these equations are identical with (77) and (76). The equivalence between 
the five-dimensional and the four-dimensional treatment is thereby established. 
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§ 18. Quantization of the free field of spin 27 


Before examining, in the linear approximation, the interaction between the 
general five-dimensional field and the spinor particles, we will examine the 
properties of the free field of spin 2h, defined by means of the LAGRANGIAN (74), 


ce | Ooms 4 me) OD* ODy, OD, ODB ID IO® 


Pe aie Dat Dat: | asda Oye a FE OOS 


a x DP. Di ae x“ Dp* @, 


and our nearest task is to perform the quantization of this field. This problem 
has been solved by Frerz [5] for arbitrary values of the spin. Here we give 
a direct explicit calculation in the case of spin 2, and we will then show 
the equivalence with the covariant formulation given by FrErz. 

In deriving the Hamittontran Hy, from (74), we may from the beginning 
put ® = 0, for the terms containing ® in Ly, will make no contribution to the 
HAMILTONIAN. We separate the index 4 from the other indices, using roman 
types m,n,r,s,..., to denote indices going from 1 to 3, and we get, after 
rearranging the terms, 


OD iO Daan, O Di, O Dag ODnnODys OO51 0 Onn 


f 2 f 
ts Ox* Ox si Oat Ont “ Oat Oa i 0Oa™ Ox! 

9 Ps O Das 59 Gis ODn4 — ODinn OPmn 2 9 Pinn 9 Pint 

Oxt Oa™ | ~ 0a Oat Oa Ont Oa Oar 


ODingIDms | ODns Drs Ais 0 Das 
Ox Og Ox Og™ Ox Oz 


oye DO eo ee OO. Di, Das. (80) 


2 


For H,, as usual defined as the 44-component of the energy-momentum tensor, 


OL, OD nn OD Ole 


Dm, Jit Gat 0D y, 


0 a4 Ox* 


Hy, = 


Ly, 


0 
we find then, 


0 Pn n 0 Onn 0 Diy 0 Dx 0 On n 0 Dm n 9 0 Pn 0 Pmr 


ERS Oat 0x4 Oxt Oat ae as Ox “Oa Oat 
499 Pm IPms 4 IPmi IP | IPH IGy 
Oe dat “ Oat Og Ox Ox 


2 % 2 % : 
+ 4H Dn n Py nt 2 Pn 4 Pw “te 10" Dis Py : 


Following the usual method we will now put? 


1k is used to denote both the vector (ky, kg, kz) and the absolute value |kI. ie es 
the scalar product ky: 2 + kya" + kgx® (cf. WENTzEL [12]. 
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Oy td F 
Dy i= n k ikea 81 
and 
0% oD) win (Kt): of (31D) 
tS SS mn BOR ee 
is V k'=— 00 : ( 


In order to get Hy expressed only in the five independent components of 
the tensor ®»», we will now eliminate four of the redundant components by 
introducing the four conditions 


ODinn 


O a” 


= 0, (73 b) 


and, later on, we will have to get rid of the fifth redundant component by 
means of the relation ® = 0. 

Introducing the series (81) into (73b), we find for each value of the mo- 
mentum vector &, 


ily: . I a , 
= Qm4 = — thy gmr, =n a +t ke Qmr, (82) 
uc UC 


the argument & being suppressed everywhere (i.e. we write shortly gm» for 
dmn(k)). Gun denotes, as usual, the time derivative, 


. — 9dmn _ 9 dmn 
sae eat | aia, Po 


Differentiating (82) with respect to time, and using the wave equation 
(73), 1.e. 


—— 3 
a ‘i Gmn = k2Qmn, where k= + Vi? +22 (= > hin). 
m= 


we get 
eee ee ae as (83 a) 
m4 ck mr; m4 ck? mr 
and 
leak Keen ior : 
C44) SS sat dmr; qi4 eet re Graz C (83 b) 
4 4 


The series (81) will now be inserted into the expression for Hg. By the in- 
tegration over the three-dimensional space only terms with k’ = k will survive. 


raw. Ts, ee 
| teav ore > | qin nQdmn_ e qi Q44 + kj Om n@mn— 2 ky ky dn nQmr + 
k 


S| he mn aden — 2 ky km dm4Qr4 We Hain ’ 


the argument k, as before, being suppressed everywhere. 


g* all 
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Taking into consideration the expressions (83) for gm4 and qua, we get finally’, 


acres : , 
[ H,dv = ¥ (ated ale Kigan ] dur Ans ; (84) 
where 
dmr = Omr — sc (85) 
ky 
is introduced in analogy with the operator 
0) ee Kim ker 
dar — Ooms — 38 am Gat om o 


used in ordinary quantum field theories. It is easily verified that 


dmr dm s = Ors. 
In (84) we must bear in mind, that the six quantities gdmn are connected by 
the condition 
ki Quam = km kr dur, (87) 
. . js ky 
which follows from gmm = — Q4q together with qq, = “ya im: 
4 


For each term in the series (81), i.e. for each value of k, we choose a system 
of three mutually perpendicular unit vectors e,(k), e,(k), e3(k), where e (k) is 
parallell to the momentum vector ”, 


(ek) =k, (2: k) = (es: k) = 9. (88) 
For each value of k, we have, since (88) implies kj =k, ky = kg = 0, 


dmx = 1, ff m=r=2 or m=r =3, 


2 2 
fm 1G =, if i fF =, (89) 
4 4 


dmr = 0, if m},r. 
The HAMILTONIAN goes over into 
Lae ts a4 ios ie 
[ Hedy = > agua + kagisgu) mt \ageae + ks q22 on) + 


1... bee a 
7 (sa oe Kate os 2 (Jiteine aE lateas| a ‘3 
4 


eee 2 eee 
+2 (3 gisqi3s + ki qis ws) 2B se ( 23 G23 + kG qs as) | : 
4 


af . . . 
The corresponding expression for vector mesons is, 


5 Lee : 
i] H,dv= » (5 Gn Gn kf dm a) dy: 
iy 
* Wenrzex [12], p. 78. 
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But, from (87), we have 


: k2 
Ki (Qu + den + Qs3) = Kau, Le. Gu = — pA + q33). 


This value of q is inserted into i H,dv, and the quadratic form is reduced 
to principal axis by introducing 


3 1 
Ge V2 (Yo. + 433), Qu = We (d22 — 933) (90 a) 


In order to facilitate the manner of writing, we put further 


xV2 xV2 = 
quit = —— G2, GV=——M%3, Gv = V2qQ3. (90 b) 
e 9, 
We find then 
[adv = > (-sairaa + Watcas), (91) 


1.e. the HAMILTONIAN is written as the sum of five harmonic oscillators. 
The quantum conditions are 


[am (*), gin’ (’)] = ee Oxk' « (92) 


The energy is now quantized in the usual way. We put, using the notations 
of WENTZEL [12], 


he Cees he. . 
qu = Ve (am+bmu), du = ee (am + bm), 
au = ~ie|/ Bl tdi tte ie|/ nels at, —bu), (93) 


which means, that the time-dependence is introduced by 


4 
qu (k) = le (am ew iekst 4 bi ett), 


am and by being matrices, satisfying the commutation relations 
[am (k), ain (k’)] = [bar (hk), bi (k')] = Ou Ore 
all other brackets being = 0. Further, 


am (k) am (k) = Nu (k), bir (k) bu (k) = Nas (F), 
and, thus, 
am (k) am (k) = Nu (&) +1, bu (hk) bu (k) = Nar (k) + 1, 


where Ny and Ny are integers. 
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The energy becomes, 


4 
[ Hadv = > > tteks(Ni + Nur) + Ho, 
k M=I 


where Hy = 5 Dick, is the vacuum energy. 
k 
The electric charge density 


Q | ols Onn ua Onn), 


where e is the elementary charge, becomes from (80), after performing an 
integration over three-dimensional space and introducing (81) and (83), 


ve 4 
feav oe jp B & (Ginn drs — Ynn Gr) dir dns - 
Py vo ok 


Choosing the coordinate system as before for each value of k, and inserting the 
values of dmr from (89), we get 


Sedv = 


ie % , ee 
Sie ~ [ce qu — qui): a + (q32q22 — q22.922) + (433933 — 933.933) + 
4 


2 2 
+ 2 (dizqi2 — qi2di2) 73 + 2 (qi3¢13 — 913 Gia) ° Bz + 2 (¢23 gG23 — insat)| ' 
4 4 


which becomes, by means of (90), 


feav - = — 533, > (au gu — qu qu) = =e | (Nu — Nu). 


lic 


Thus, Nw and Ny are the number of positively and negatively charged particles 
respectively, with the spin direction characterized by the index M. 


We will now compare the commutation relations (92) with the general 
covariant expressions, derived by Fierz, 


he 


24 


2 


5 dnd] D(x > gt A ee ey, (94) 


[Dun (x, ¢), Drs (v’, t')] os 3 


(edn, EE dus @nx ra 


where the dmr are given by (86), and the D-function by 


sin kyo (t—t') 


Digg tt) = > eee 
( rée iz 


Differentiating (94) with respect to ¢ and letting t—t’ >0, we get 
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[Dun (a ), Drs (x ‘y] i 


hie 1 2 1% 
a “Ty > ((ém dns = dns dy —3 dmn ds] ebk(a—a') (95) 


2a V 


Introducing the series (81) and specializing the coordinate system as in (88), 
we can set up all the bracket expressions 


[@mn (A), rs (k’)], 


and, using (90), we find after some elementary calculations the quantum rules 
(92). Two examples of these calculations will be given here. 
From (81) and (94) we find 


23 [q22(k), g32(k’)] et *e-#' x’) — = DAL 99 nn eh (e—2') — F “e ee 
since dg, = 1 from (86). Thus, 
[asa (h), abe () = 5 oe, 
In the same way, 
fas (8), as R= 2 nw, 
the 


[q22(k), 933 (k’)] = [933 (hk), 922 (k')] = Eras kk, 


and, finally, 


* ! # ! h e 
[ax (A), at (k’)] 5 [ize (A ) + dgg (k), a22 (k’) + 93s (k’)] = a Ogr’ 
as in (92). 
Also, 
1 é # , i(ka—k' a’) he 1 > ieeiGlen 22 had! a d eik(a—2') Le 
7 alae (k), giz (k’)] e 245 Va Noe 12 12 — 5 912 %12 
kk 
hos | : ; 
shi eik(a—a )) : 
oi V ar 1" 
since 
kek 
dy = org = a dog = 1 and dy. = 0. 
Thus, 
OE ae, a Dies tC ka he 
[qu (A ), gir (k’ )] = aca [d12 (A), diz (& )I = We oor a Oxk! = ; Onn! « 
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§ 19. Calculation of the expression 2 J, + I, 


The formalism developed in § 13 will now be applied to the linear approxima- 
tion, and we begin by calculating the expression 


e+ Qo y=9 ls + Us9? + ol + I gr, (96) 


which will be used in § 22. 
In the formulas (63 a,b) we have then to introduce the assumption 


Yur = Ou» + EQuy; 


the fifth coordinate 2° being replaced by 2° = x? Va). The contravariant com- 
ponents of the fundamental tensor are given by 
Yur = Ong EPuv + & Puce Pre 
as follows from the rules of orthogonality. This means, that we have, to the 
actual approximation, 
Inn = Omn + EPmn _ &* Am An, 
g””" = bmn — EQmn + & Dae Var + 2 Am An. 
The equations 
gg" + gh gm” = 2g"",  ImGn + Gn Gm = 2 9mn 
are then satisfied by 
N=. a é ra rz é aA , 
g = Im — 5 Pmr Jr> Im = Jn + g Pmr Jr; (97) 


Gm being ordinary Dirac matrices’ (terms in ¢ 


may be neglected), 
Im Gn aF Jn Ym oF 2 Omn- 


The components of the matrix vector I, are, as follows from (63), 


it a gs OQnr 0 
Ls = Al mn + vi (1m. FG Pnr am *Y(mn)s 


and 


1 0 m 0 rl 0 m 
[t= i E Y die) 7h + & (om: a + Pri hi “Jms) + 


e 


if 
ae 8 |- E(On Pmr — Gd; Pnr) + 4 (Pmt: 0, Pni— Pri* Or Pmt) + 
+ ¢ Pml (7 Pri — O; Pnr) — & Pni (Om st ee On Pmr) + 


+ & Pri (On Pmi —_ Om ni| *Y(mn) + 


Jo 


ape Is is only an alternative notation for go, since gs; = Va’ and go = go Va. 


126 


ARKIV FOR FysIK. Bd 3 nr 8 
We introduce now the relations, following from (97), 
9 Gmn) + mn) 9 = 2 Gs Gomny + EYmiGs Gan) — Put Js Gam); 
Dr Wms) Yomd) Ir = 25 Jorm) + EPrt Js Jum) — EPmi Is Jr) » 


Jr Umn) + Yimn) Jr = (Jr Im Jn) + ij 
é a” > es (2 ee a ope &€ = eee 
+ 5 Prt (Gm In) + 5 Pmt (Gr J Jn) — 5 Pur (Gr H Gn) 


the notation (979m 9n)+ indicating that the indices J, m,n are all different. 
Employing the symmetry and antisymmetry properties, we get then 


€ - e O nr 0 Bier. 
g° Ds ae rs g° = |e Fas ae Fmt Qnr + 16 (vn. aa Pnr Feet las down 


and 


2 
oi + I* 9, = |—g Fas a = Fnr9nr| > 95 Yn) + 


2 
ag a (mr : 01 QPnr—_ Pnr * 0; Pmr) (J Im Jn) + 


~ 


where we have used the connection 
pan — Finn — €Qmr Fen — € Grn Emr. 


Adding together, inserting the Fourier series 


il ; 1 : : 
Pmn = V9 Onn ene + On Cae. 


V % 
and neglecting terms proportional to e'*4” with |Z| = 2, we get finally 


2 
vi, + Ipy = |- ims + y Emr (Pur ein Onna”) + 


eax 


16 (Dinr Dy — Dy @%,)| Is Gimn) 5 


2 
+ = (Dinr a) Dy, + Dinr Or nt nar Dry : Oj Diny — Dyy 0; Pir) (1 Gm Gn) + . (98) 


§ 20. The Hamiltonian 


Following the method used in the treatment of spinor particles in electro- 
magnetic fields (cf. e.g. WENTZEL [12], § 21), we define the Hamitronian not 
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as the component 7? of the covariant energy-momentum density, but by the 
expression + 
the(~ ,9 Ow 
B= Res A SY OY oy). (99) 


The time-derivatives of y and w ought to be eliminated by the aid of the 
wave equations (62), which can be written 


0 0 0 Mo C 
a4 =o Ory t+ Aggy! YP at tye lt yy 
xt Ou Ox h 
Ow Ow Ow nee. 
aan =—Oryp- ted is a0" y 5 y (y° Lo + Ly). 
We get then 
SI Op aA 
Hie ead: gy — iF Opel (5% sy — Poa a) t 
a4 Pere, 
+ Ey — GSE +29 ey + 2H Tet Tory] = H+ H', (100) 
where 
= Fel ag Op po ry += AyD Y(Z- yoy) + 


corresponds to the ordinary HamiitTontan of spinor particles in an electro- 
magnetic field.? Here the Fourier series for y and p have been inserted 


: e : : 
together with ex = ie Those terms have been suppressed, which disappear 
5 


by the integration over 2’. 
The term . 
HH’ = ithey (Yo + Ioy’)y 


‘ H differs from T'} chiefly by terms proportional to 44 and I. As well as Aq may be 
: , 0 : 
given an arbitrary value by means of a gauge transformation A’m = Am + a which does 
a 
O A n O Am 


um igagn 2 nO May I’, be fixed arbitrarily by an 


not change the physical quantity Pmn = 


0 S 
S-transformation Im =S' ImS-—S™ Eo which does not change the physical quantity 
Ore 0 1 
Onn= (sn ae In) (am (525 =a I) Im= - 4 bmn, rsg"8) + fmn (BARGMANN [10], p. 349). 


We must remember, however, that ~ is now defined as ~ =iy* a, where a is a variable 
matrix, and that gt and g* are given by (97). This means that also H® contains terms 
describing interactions with the field of spin 2h. 
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where we have to introduce the Fourrer series for y and p together with the 
expression for y?J), + I, y? from (98), describes interactions of the same type 
as those characteristic of ordinary meson pair theories. 


Stockholms Hégskola, Institutet for mekanik och matematisk fysik. February 
1951. 
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